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Outline

complex fields arise in QFT naturally

• Part 1 - Semi-classical expansion
and the necessity of complex saddles

• Part 2 - Strongly coupled systems:
the notorious sign problem and complex fields to
rescue!
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Perturbation theory

perturbation expansions in physics are
generically divergent

O(g) ∼
∞∑
n=0

cngn cn ∼ n!

Stark effect, Euler-Heisenberg, string theory [Shenker], QFT in
curved backgrounds, derivative expansions,

hydrodynamics [GB et. al, 2015]. . .

The indicated limit of error in this latter value is the
standard deviation derived from seven measurements.
The fact that the difference 85Bi'"—82Pb'08 is 5 mMU

larger than unity indicates a sharp increase in the slope
of the packing fraction curve. This agrees with the
expectation since Bi"' has one proton more than the

magic number 82. The addition of this single proton
adds, in this case, only 3 Mev to the binding energy of
the nucleus. This result is in reasonable agreement with
the diGerence of 1.004 mass units derived from the
disintegration data of Harvey. '

~ J. A. Harvey, Phys. Rev. 81, 353 (1951).
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An argument is presented which leads tentatively to the conclusion that all the power-series expansions
currently in use in quantum electrodynamics are divergent after the renormalization of mass and charge.
The divergence in no way restricts the accuracy of practical calculations that can be made with the theory,
but raises important questions of principle concerning the nature of the physical concepts upon which the
theory is built.

LL existing methods of handling problems in
quantum electrodynamics give results in the form

of power-series in e'. The individual coeKcients in these
series are finite after mass and charge renormalization.
The technique of renormalization can at present be
applied only to the separate coefFicients, and not to the
series as a whole. If the series converges, its sum is a
calculable physical quantity. But if the series diverges,
we have no method of calculating or even of defining
the quantity which is supposed to be represented by
the series.
Several authors have remarked' that the series after

renormalization will be divergent in a trivial way, if the
series represents a scattering amplitude of a free particle,
in circumstances where the particle has a possibility of
being captured into a permanently bound system. In
this situation a perturbation expansion of the scattering
amplitude will diverge, even in nonrelativistic quantum
mechanics, ' and in the relativistic theory the series @till
diverge for the same reason. It is to be expected that
such trivial divergences will not impose any funda-
mental limitations on the use of the renormalization
method. In fact, a new method of carrying through the
renormalization program has been developed, ' a
method which is applicable to problems involving bound
systems and in which divergences of this elementary
nature cannot occur. In the new method the series
cxpRnslon Rx'lscs floIQ R foxIQRl 1Iltegl'Rtlon . of thc
equations of motion over a 6nite interval of time, and
in an elementary nonrelativistic theory such a perturba-
tion expansion would necessarily be convergent. For this
reason it was claimed as probable' that the power series

B.I'erretti, Nuovo cimento 8, 108 (1951);K. Nishijima, Prog.
Theor. Phys, 6, 37 (1951).' R. Jost and A. Pais, Phys. Rev. 82, 840 {1951).' F. J.Dyson, Proc. Roy. Soc. (London) A207, 395 (1951).Phys.
Rev. 83, 608, 1207 (1951).

4 Phys. Rev. 83, 608 (1951},Section XII.

arising from the application of the new method in
quantum electrodynamics would always converge. If
the claim had been accompanied by a proof of conver-
gence, then the theoretical framework of quantum elec-
trodynamics could have been considered closed, being
within its limits a complete and consistent theory.
The purpose of this note is to present a simple argu-

ment which indicates that the power-series expansions
obtained by integrating the equations of motion in
quantum electrodynamics will be divergent after re-
normalization. The divergence is of a basic character,
di6'erent from the trivial divergences mentioned above,
and is present equally in the results obtained from the
new and the older methods of calculation. The argument
here presented is lacking in mathematical rigor and in
physical precision. It is intended only to be suggestive,
to serve as a basis for further, discussions. To me it
scclTls convincing enough to Incx'lt publication ln its
present incomplete form", also I am glad to have this
opportunity to withdraw the erroneous argument pre-
viously put forward~ to support the claim that the power
series should converge.
The argument for divergence is as follows. According
o FcynIQan) quantum clcctI'odynRIQlcs ls cqulvRlcnt
to a theory of the motion of charges acting on each
other by a direct action at a distance, the interaction
between two like charges being given by the formula

e'8+(sg2'), (&)

where e is the electron charge. The action-at-a-distance
formulation is precisely equivalent to the usual formula-
tion of the theory, in circumstances where all emitted
radiation is ultimately absorbed. We shall suppose that

~ See reference 4. The error in the argument lay in using the
concept "the number of times that an interaction operates" in an
intuitive and imprecise way.

6 R. P. Feynman, Phys. Rev. 76, 769 (1949),Eq. (4); Phys. Rev.
440 (1950), Appendix B.
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Perturbation theory

divergence⇔ non-perturbative physics
e.g. 1d quantum mechanics with cosine potential:

E0

−g2

2
d2ψ
dφ2 + cos(φ)ψ = Eψ

Ground state energy: E0(g) ∼
∑

n cng
n , cn ∼ n!

(2S)n

non-perturbative physics (tunneling):

• band width: ∆Eband ∼ e−
1
g S

• correction to E0: ∆E0 ∼ e−
2
g S
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Semi-classical expansion
2 lessons:

I - perturbation theory is incomplete, has to
be "enhanced" by non-perturbative physics

E0(g) ∼
∞∑
n=0

cngn︸ ︷︷ ︸
perturbative

+

∞∑
k=0

(
e
−2S
g

)k︸ ︷︷ ︸
multiple−tunneling

×
∞∑
n=0

c (k)
n gn︸ ︷︷ ︸

fluctuations

II - perturbative and non-perturbative
physics are related (i.e. cn ⇔ c(k)

n )
[GB, Dunne, Ünsal et. al, for the previous example see also, GB et. al; JHEP 1705 (2017) 087]
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Semi-classics: the path integral

semi-classical expansion follows from the
path integral

Z =

∫
[Dφ]e−

1
gS [φ] ≈

∑
k∈saddles

e−
1
gSk × fluctk(g)

non-perturbative physics
m

saddles
solutions of the Euclidean equations of motion ( δSδφ = 0)

+ fluctuations
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Semi-classics: the path integral

Z =

∫
[Dφ]e−

1
gS [φ] ≈

∑
k∈saddles

e−
1
gSk × fluctk(g)

k = 1-instanton (action=S)⇔ leading band width

ΔEband

t

ϕ(t)
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Semi-classics: the path integral

Z =

∫
[Dφ]e−

1
gS [φ] ≈

∑
k∈saddles

e−
1
gSk × fluctk(g)

k = 2-instanton (action=2S)⇔ non-perturbative
correction to E0

ΔE0 t

ϕ(t)
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Exact semi-classics

this can be made into an exact statement

Z =
∑

k∈saddles
nk × e−

1
gSk ×

∫
Jk

[Dφ]e−
1
g (S [φ]−Sk)

all-orders fluctuations around saddle k
m

Jk : a particular contribution to Z.

a.k.a. “Lefschetz thimble”:
exact steepest descent contour for the path integral
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Exact semi-classics: finding saddles
follow an "equation of motion": flow

dφa
dτ

=
∂S
∂φa

φa = xa + iya


dxa
dτ = ∂SR

∂xa
= ∂SI

∂ya
dya
dτ = ∂SR

∂ya
= −∂SI

∂xa

• saddle points are
fixed points of flow

• |e−S | = e−SR

decreases with
flow (except for
saddles)

saddle 

thimblethimble

original domain (real fields)

complex field space

saddle

ii.vI%
flow time→∞

original path integration domain→ thimbles (saddles + fluctuations)
10



Path integral and topology
Cauchy’s theorem

Z =

∫
R
dz e−i(αz

2+ 1
4 z

4) =

∫
J1+J2

dz e−i(αz
2+ 1

4 z
4)

ℝ

z

shaded region:

        SR > 0e-SR →∞

≡

z

1 2

saddles

thimbles
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4 z
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Path integral and topology
Cauchy’s theorem

Z =

∫
R
dz e−i(αz

2+ 1
4 z

4) =

∫
C
dz e−i(αz

2+ 1
4 z

4)

ℝ

z

shaded region:

        SR > 0e-SR →∞

≡

z



integral only depends on asymptotic directions

”Picard-Lefschetz theory" [Pham, Fedoryuk, Witten ...]
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Path integral and topology
Cauchy’s theorem

Z =

∫
R
dz e−i(αz

2+ 1
4 z

4) 6=
∫
C̃
dz e−i(αz

2+ 1
4 z

4)

ℝ

z

shaded region:

        SR > 0e-SR →∞

6≡

z


∼

integral only depends on asymptotic directions

”Picard-Lefschetz theory" [Pham, Fedoryuk, Witten ...]
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Semi-classics: complex saddles

in the thimble decomposition, some of the
saddles are complex and still contribute to
semiclassical expansion even when the

original domain is real fields

this is not by choice, it is dictated by the
path integral

they contain important physics

13



Part 1

Semi-classical physics
and the necessity of
complex saddles
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back to our example: high energy limit
≈ free particle on a circle

⇓

0.5 1.0 1.5
g

-1.0

-0.5

0.5

1.0

1.5

2.0

2.5

EN(g)

⇑
tight binding, asymptotic series, band width ∼ e−

S
g
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Semi-classical high energy limit
N →∞, g << 1, Ng >> 1

spectrum: E>>1

perturbative expansion:

Ept ∼
g2

8

(
N2 +

1
2(N2 − 1)

(
2
g

)4

+
5N2 + 7

32(N2 − 1)3(N2 − 4)

(
2
g

)8

+ . . .

)

at any finite N, Ept has poles (at order 1/g4N )

perturbative expansion can’t be the whole story...

16



−
g2

2
d2ψ

dφ2 + cos(φ)ψ = Eψ

hidden in this quantum mechanical
problem, there is a very rich quantum field

theory structure

17



Dualities

QM with cosine potential
''Mathieu equation''

Nekrasov Shatashvili limit
[Nekrasov, Shatashvili]

� =2 SUSY (Seiberg-Witten)
in Ω background

ϵ →0 ϵ =g a=Ng/2ϵ

Null vector decoupling

[Kashani Poor Troost ]

AGT duality
[Alday, Gaiotto, Tachikawa]conformal blocks

semiclassical limit

Λ22 ( )2 6 ( )2

moduli space

quantizedSW curve

[Kashani - Poor, Troost, Fateev,
Lukynanov , Zamolodchikov ...]

Liouville CFT

18



Gauge theory puzzle

Ept ⇔ Nekrasov twisted superpotential

W inst.
NS =

1
4πi

(
2Λ4

(4a2 − ε21) ε41
+

Λ8
(
20a2 + 7ε21

)
4 (a2 − ε21) (4a2 − ε21)

3 + . . .

)

a=Ng/2 m ε1 = g, ε2 → 0

Ept =
iπ
2

Λ
∂W inst.

NS

∂Λ
=

g2

8

(
8Λ4

(N2 − 1) g4 +
8Λ8

(
5N2 + 7

)
(N2 − 4) (N2 − 1)3 g8

+ . . .

)

same poles

19



Resolution in QM: Complex instantons

spectrum: E>>1

-π π

complex
ϕ plane

Im[ϕ]

Re[ϕ]

complex turning
points

tunneling in complex plane:
complex instantons [GB, Dunne, JHEP 1502 (2015) 160]

non-perturbative gap splitting:
the "cure" for the poles

∆E gap
N ∼ e−

2π
g Sinst ∼ e−2N(log(gN)−1) ∼ g−2N

20
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Gauge theory puzzle

Ept ⇔ Nekrasov twisted superpotential

Ept =
iπ
2

Λ
∂W inst.

NS

∂Λ
=

g2

8

(
8Λ4

(N2 − 1) g4 +
8Λ8

(
5N2 + 7

)
(N2 − 4) (N2 − 1)3 g8

+ . . .

)

• gauge theory realization of the complex
instantons and perturbative↔ non-perturbative
relations [GB, Dunne, Ünsal, 2015] ?
monopole pair creation? [see also Gorsky et. al 2015]

• what about the conformal blocks? any relations
to quasi normal modes in AdS3 [J. Kaplan et. al 2016] ?

21



Complex instantons
[GB, Dunne, JHEP 1502 (2015) 160]

pair production in a monochromatic electric field
E cos(ωt)

where g ⇔ 4ω2

E , N ⇔ m
ω
∼ photon #

2 limits:
mω
E � 1↔ constant field↔ real instantons

mω
E � 1↔multi-photon↔ complex instantons

rate = e−
m2 π
E f (mωE ) ∼

{
e−

m2π
E ⇔ band width

e−
4m
ω

log(4mω
E ) ⇔ gap width

similar phenomenon in gauge theory?
monopole pair creation? [see also Gorsky et. al 2015]

22
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Part 2

Strongly interacting
systems:

real-time, finite density physics,
the notorious sign problem, and flow to the

rescue!

based on:
Phys. Rev. Lett. 117, 081602, Phys. Rev. D93, 014504, Phys. Rev. D93, 094514, Phys. Rev. D94, 045017, Phys.

Rev. D95, 014502, Phys. Rev. D96, 034513, Phys. Rev. D95, 114501, JHEP 05 (2016) 053

with A. Alexandru, P. Bedaque, G. Ridgway*, S. Vartak**, N. Warrington***
* UMD undergraduate→ MIT, ** UMD undergraduate→ Yale, ***UMD graduate student

23
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http://inspirehep.net/record/1411663


A crash course on lattice field theory
when there is no weak coupling expansion, we can just

compute the whole thing...

discrete space-time

〈O〉 =
1
Z

∫
dφ1 . . . dφN︸ ︷︷ ︸

finite

e−S[φ]O[φ]

importance of field configuration φ ∝ e−S[φ]

24



A crash course on lattice field theory

“importance sampling” (Monte-Carlo method):
pick out the important (small action) configurations

???

|

:
¥r¥

: *¥ A. .

.

. .
.

.

.

.

.
. .

As
"

.

path integral ≈ statistical average with P[φ] ∝ e−S[φ]

〈O〉 ≈
1
N

N∑
a=1

O[φ(a)]

25
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A crash course on lattice field theory

lattice importance sampling
(Monte-Carlo)
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In many cases S, the (effective) action, is
complex

• dynamical problems: out-of-equilibrium, transport,
equilibration, quantum chaos. . .

• nonzero density: dense quark matter, neutron stars,
strongly correlated electronic systems, Hubbard
model. . .

• gauge theories with non-zero θ: strong CP problem,
axion

• matrix models: supergravity, string theory. . .

27



when the action is complex...∫ ∞
−∞

e−
1
4 (x+42i)2

dx = 2
√
π

-4 -2 2 4
x

-3.5x10191

3.5x10191
Re[ⅇ-S ]

“the sign problem"

28



The sign problem

importance ∝ e−SR : “reweighting”

〈O〉 =
〈O e−iSI 〉SR
〈e−iSI 〉SR

• 〈e−iSI 〉SR ∝ e−volume/T

• need exponentially large resources

29
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The sign problem

Adiabatic continuity and analyticity for YM?  Is it possible?

low � T

QGP

30



Flow to the rescue
∫ ∞
−∞

e−
1
4 (z+42i)2

dz = 2
√
π

-4 -2 2 4

10

20

30

40

50 z

-4 -2 2 4

-3×10191

-2×10191

-1×10191

1×10191

2×10191

3×10191

no sign problem

mild sign problem

horrific sign problem
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Flow to the rescue
∫ ∞
−∞

e−
1
4 (z+42i)2

dz = 2
√
π

-4 -2 2 4

10

20

30

40

50 z

-4 -2 2 4

-3×10191

-2×10191

-1×10191

1×10191

2×10191

3×10191

-4 -2 2 4

-4

-2

2

4

6

8

10

no sign problem

mild sign problem
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Flow to the rescue∫ ∞
−∞

e−
1
4 (z+42i)2

dz = 2
√
π

-4 -2 2 4

10

20

30

40

50 z

-4 -2 2 4

0.2

0.4

0.6

0.8

1.0

-4 -2 2 4

-3×10191

-2×10191

-1×10191

1×10191

2×10191

3×10191

-4 -2 2 4

-4

-2

2

4

6

8

10

no sign problem

mild sign problem

horrific sign problem

[earlier limited attempts : Cristoforetti et. al 2012, Fujii, et. al 2013]
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Flow to the rescue
flow → SR increases, SI remains the same

dφa
dτ

=
∂S
∂φa

φa = xa + iya


dxa
dτ = ∂SR

∂xa
= ∂SI

∂ya
dya
dτ = ∂SR

∂ya
= −∂SI

∂xa
� fields sampled here

�
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Flow to the rescue

small action

~constant Im[S]

large action

varying Im[S]

*

Hint
• path integral onM = path integral on RN

• sign problemM << sign problem on RN

35



Importance sampling onM
[GB et. al; PRD 93, 014504, JHEP 05 (2016) 053, PRD 93, 094514 ]

36

dynamics X

many body physics X
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Our Results

quantum dynamics

• anharmonic oscillator
[Phys. Rev. Lett. 117, 081602]

• 1+1d interacting Bose gas
[Phys. Rev. D. 95, 114501]

many body systems

• 1d Hubbard model
[PRD 93 014504, JHEP 1605 053]

• 2d Thirring model
[Phys. Rev. D95, 014502]

• 4d interacting Bose gas
[Phys. Rev. D94, 045017]
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Quantum dynamics: out-of-equilibrium, transport

〈O(t)O(0)〉 = Tr [e−βĤO(t)O(0)]

=
1
Z

∫
[dφ] e

i
~S [φ]O(t)O(0)

equilibration, viscosity, conductivity...

e
i
~S [φ] leads to quantum interference

and the ultimate sign problem!
〈e−iSI 〉SR = 0

let’s solve it...
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Dynamics: 1+1d quantum field theory
[GB et. al, Phys. Rev. D95, 014502, 2017]

interacting Bose gas: LI = λ
4!φ

4

weak coupling: λ = 0.1
● Re[C] ● Im[C]

● ●
●

●
●

●

●

●

●

●

●

● ● ● ● ● ● ● ● ● ● ●

free theory

0.0 0.5 1.0 1.5 2.0

-4

-2

0

2

4

t

C
p=
0
(t
)

● Re[C] ● Im[C]

● ●
●

● ● ● ●
●

● ● ●
● ● ● ● ● ● ● ● ● ● ●

0.0 0.5 1.0 1.5 2.0

-4

-2

0

2

4

t

C
p=
2
π
L
(t
)

Cp(t) = 〈φ(t, p)φ(0, p)〉β
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Dynamics: 1+1d quantum field theory
[GB et. al, Phys. Rev. D95, 014502, 2017]
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Many body physics: 2d Thirring model

[GB et. al, Phys. Rev. D95, 014502, 2016]
g2

chain of interacting fermions (quarks, electrons...)

S =

∫
d2xψ̄a

(
γµ∂µ + m + µγ0

)
ψa +

g2

2Nf
(ψ̄aγµψa)(ψ̄bγµψ

b)

→
NF

2g2

∫
d2x AµAµ + ln det(/∂ + /A + µγ0 + m)

• prototype for dense quark matter: asymptotically
free, sign problem at nonzero density

• a 2d cousin of the Hubbard model
40



Many body physics: 2d Thirring model

[GB et. al, Phys. Rev. D95, 014502, 2016]
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Many body physics: 2d Thirring model

[GB et. al, Phys. Rev. D95, 014502, 2016]
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Many body physics: 2d Thirring model

[GB et. al, Phys. Rev. D95, 014502, 2016]
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Many body physics: 2d Thirring model
[GB et. al, Phys. Rev. D95, 014502, 2016]

equation of state: low temperature limit

particularly bad sign problem: 〈e−iSI 〉SR ∝ e−volume/T
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Many body physics: 2d Thirring model
[GB et. al, Phys. Rev. D95, 014502, 2016]
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Many body physics: 4d relativistic Bose gas

[GB et. al, Phys. Rev. D94, 045017]

L = |∂µφ|2 + (m2 − µ2)|φ|2 + µ (φ∗∂0φ− φ∂0φ
∗) + λ|φ|4 + h(φ1 + φ2)
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Conclusions

• complex space is the natural habitat of
QFT

• complex saddles are necessary and
contain important physics, most of which
have yet to be discovered

• complexification also provides a
powerful tool to study dynamical and
finite density properties of strongly
interacting systems from first principles
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Future prospects, sign problem
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Future prospects, semi-classics

• perturbative - non-perturbative relations
in QFT, QM, string theory (quantum geometry,
Hecke groups, higher genus...) [building on GB et. al JHEP 1705 (2017) 087]

• poles of the Nekrasov function /
conformal block expansion

• implications of Picard-Lefschetz theory
for QFT are still not well understood (e.g.
supersymmetric Yang-Mills vs complex saddles [see also Ünsal et.

al, 2015])
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“The shortest path between two truths in the real
domain passes through the complex domain."

–Jacques Hadamard

The end

gbasar@uic.edu
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Exact semi-classics

∫
D
dφ e−

1
gS [φ] =

∫
J
dφ e−

1
gS [φ] , J =

∑
k∈saddles

nkJk

path integral domain = sum over thimbles J

how do we find J ?

holomorphic gradient flow:

continuously deform the path integration domain into the
combination of Lefschetz thimbles (saddles + fluctuations)
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Ghost instantons

another periodic potential

V (φ) = ℘(φ, t) "Weierstrass elliptic function"

encodes N = 2∗ SUSY gauge theory in the Nekrasov-Shatashvili limit

large order growth ∼ n!/(2S̃)n band width ∼ e−S/g

S̃ 6= S , furthermore S̃ < 0

what is going on?!?
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Ghost instantons
℘(φ, t) is also periodic for complex φ.

complex instanton (tunneling along imaginary direction)

it has action S̃ < 0⇒ e
|S̃|
g contribution? no.

however, it appears in perturbation expansion.

"ghost instanton" [GB, Dunne, Ünsal]
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Ghost instantons and analytic continuation
ghost instantons become physical upon g → −g and

determine the band width

-
1

logΔE (g)

g>0g<0

band width changes non-smoothly for g → −g.

physics: quantum phase transition [GB, Dunne, Ünsal]

upshot: complex saddles play a role in analytic
continuation of path integrals

similar phenomenon in AdS→ dS? [Hellerman, Maloney, Shenker, et. al]
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AGT, NS limit, conformal blocks
[Alday, Gaiotto, Tachikawa; Marshakov et. al.; ...]

Z inst.(a; ε1, ε2) =

∞∑
n=0

(
Λ2

ε1ε2

)2n

Q−1
∆ ([1n], [1n]), Q∆(Y ,Y ′) = 〈∆|LY L−Y ′ |∆〉

• AGT: ∆ = 1
ε1ε2

(
a2 − (ε1+ε2)2

4

)
, c = 1− 6(ε1+ε2)2

ε1ε2

• ε2 → 0 limit, twisted superpotential: [Nekrasov, Shatashvili]

W inst.
NS (a; ε1) ≡ −

ε1
4πi

lim
ε2→0

ε2 log
(
Z inst.(a, ε1, ε2)

)
• identify ε1 = ~ = g, a = N~/2

u =
iπ
2

Λ
∂W inst.

NS
∂Λ

=
~2

8

(
8Λ4

(N2 − 1) ~4
+

8Λ8
(
5N2 + 7

)
(N2 − 4) (N2 − 1)3 ~8

+ . . .

)
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Importance sampling onM

〈O〉 =

∫
dφOe−S(φ)∫
dφ e−S(φ)

=

∫
d φ̃ det

(
∂φ

∂φ̃

)
O e−S[φ(φ̃)]∫

d φ̃ det
(
∂φ

∂φ̃

)
e−S[φ(φ̃)]

. t

: I
R 't

. t

: o. PEE
.

far
.

.

:
R 't

Seff [φ̃] = Re
(
S [φ(φ̃)]− log det J

)
dJij
dτ

=
∂2S
∂φi∂φk

Jkj

[GB et. al; PRD 93, 014504, JHEP 05 (2016) 053, PRD 93, 094514 ]
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Many body physics: 2d Thirring model
integration manifolds:
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Many body physics: 4d relativistic Bose gas

complex scalar field: φ = φ1 + iφ2

L = |∂µφ|2 + (m2 − µ2)|φ|2 + µ (φ∗∂0φ− φ∂0φ
∗) + λ|φ|4 + h(φ1 + φ2)

sign problem here!

discretization:

Slat. =
∑
x

[(
4 +

m2

2

)
φaxφ

a
x +

λ

4
(φaxφ

a
x )2 − h(φ1

x + φ2
x )
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