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Quantum Chromodynamics (QCD)

Theory of quarks and gluons

asymptotic freedom
(Gross, Wilczek, Politzer, 1973)

2004 Nobel lecture
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Quantum Chromodynamics (QCD)

Theory of quarks and gluons

“infrared slavery”
(Gross, Wilczek, Politzer, 1973)

2004 Nobel lecture
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Quantum Chromodynamics (QCD)

low energy excitations = quasi particles of strongly interacting
quarks and gluons (p, n, π, ...)

• heavy (mq ∼ MeV, mp ∼ GeV)

m
chiral symmetry breaking

• color neutral

m
confinement
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Phase diagram of QCD?
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Nambu-Jona-Lasinio Model

Dynamical mass generation ⇒ Chiral symmetry breaking

Not renormalizable (in 3+1 dimensions)
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Gross-Neveu Model

self interacting fermions in two spacetime dimensions

⇒ Renormalizable

Asymptotically free!

Dynamical mass generation

Chiral symmetry breaking
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Gökçe Başar Thermodynamics of Gross-Neveu Models



Gross-Neveu Model

self interacting fermions in two spacetime dimensions

⇒ Renormalizable

Asymptotically free!

Dynamical mass generation

Chiral symmetry breaking
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Gross-Neveu and Nambu-Jona Lasinio Models

LGN = ψ̄ i ∂/ψ + g2

2

[(
ψ̄ψ
)2]

discrete: ψ → γ5ψ

(Gross, Neveu, 1974)

LNJL = ψ̄ i ∂/ψ + g2

2

[(
ψ̄ψ
)2 +

(
ψ̄iγ5ψ

)2]

continuous: ψ → eiγ
5αψ

(Nambu, Jona-Lasinio, 1961)

Renormalizable

Asymptotically free (β(g) = −Nfg
3

2π < 0)

Dynamical mass generation (m = Λe
− π
Nfg

2 )

(dimensional transmutation)

Chiral symmetry breaking
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Spontaneous Symmetry Breaking
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Spontaneous Symmetry Breaking

〈S〉 ≡ ∆ order parameter
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Spontaneous Symmetry Breaking

Gross-Neveu: NJL:

-M0 M0
D

V@DD

order parameter:

〈ψ̄ψ〉 ∼ ∆ 〈ψ̄ψ〉 − i〈ψ̄iγ5ψ〉 ∼ ∆

∆ 6= 0 breaks chiral symmetry
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T-µ Phase Diagram ?
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Self - Consistent Static Inhomogeneous Condensates

Hubbard-Stratonovich transformation

Introduce a complex condensate : ∆(x) = S(x)− iP (x)

where ψ̄ψ → −S/g2 ψ̄iγ5ψ → −P/g2

L = ψ̄

[
i ∂/ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

]
ψ − 1

2g2
|∆|2

H = −iγ5 d

dx
+ γ0

(
1
2

(1− γ5)∆− 1
2

(1 + γ5)∆∗
)
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Hartree-Fock Approach

Dirac-Bogoliubov-de Gennes equation :

Hψ = Eψ

H=
(
−i ddx ∆(x)
∆∗(x) i ddx

)

with consistency condition : 〈ψ̄ψ〉 − i〈ψ̄iγ5ψ〉 = −∆/g2

”Inhomogeneous mean field approximation”
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Gap Equation Approach

Effective action :

Seff [∆] = − 1
2g2Nf

∫
d2x|∆|2 − i ln det

[
i ∂/ − 1

2(1− γ5)∆− 1
2(1 + γ5)∆∗

]
Stationary points ⇒ gap equation : 0 = δSeff

δ∆∗

Gap equation for static condensates :

∆(x) = −iNfg
2 trD,E

[
γ0
(
1 + γ5

)
R(x;E)

]
Coincident Green’s function: R(x;E) ≡ 〈x| 1

H−E |x〉
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Gap Equation Approach

Grand potential:

Ψ[∆(x)] = 1
2g2NfL

∫ L
0 dx|∆|2− 1

β

∫
dE ρ(E) ln

(
1 + e−β(E−µ)

)
Stationary points ⇒ gap equation : 0 = δSeff

δ∆∗

Gap equation for static condensates :

∆(x) = −iNfg
2 trD,E

[
γ0
(
1 + γ5

)
R(x;E)

]
Coincident Green’s function: R(x;E) ≡ 〈x| 1

H−E |x〉

Density of states : ρ(x;E) = 1
π Im trD (R(x;E + iε))
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Solving the Gap Equation

Ansatz :

R(x;E) = N (E)
(

a(E) + |∆|2 b(E) ∆− i∆′
b(E) ∆∗ + i∆ ∗′ a(E) + |∆|2

)

Eilenberger equation:

∂
∂xR(x;E)σ3=i

[(
E -∆(x)
∆∗(x) -E

)
, Rσ3

]
Eilenberger equation → Nonlinear Schrödinger equation:

∆′′ − 2|∆|2 ∆ + i (b(E)− 2E) ∆′ − 2 (a(E)− E b(E)) = 0

Functional gap equation ⇒ Ordinary differential equation
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Solutions of the NLSE Equation

Twisted kink crystal condensate (GB & Dunne, 2008)
The most general solution
4 parameters : λ, ν, θ, q

∆(x) = λ
σ(λx+ iK′ − iθ/2)
σ(λx+ iK′)σ(iθ/2)

e2iqx
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Solutions of the NLSE Equation

Chiral spiral (Schön,Thies, 1999)
(θ = 0, 4K′) 2 parameters : λ, q

∆(x) = λe2iqx
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Solutions of the NLSE Equation

Real kink crystal (Thies,Urlichs, 2005)
(θ = 2K′, q = 0) 2 parameters : λ, ν

∆(x) = λ
√
νsn (λx; ν)
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GN2 Phase Diagram
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GN2 Phase Diagram

Energy Spectrum:
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Peierls Instability (GN2)

Lowering the free energy by opening a gap around the Fermi
surface:
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NJL2 Phase Diagram

∆(x) = λ(T )e2iµx
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NJL2 Phase Diagram

∆(x) = λ(T )e2iµx

Thermal mass scale:

0.2 0.4 Tc
T

M0

ΛHTL

Constant charge density: 〈ψ†ψ〉 = µ
π
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NJL2 Phase Diagram

Energy Spectrum:
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Peierls Instability (NJL2)

Due to the continuous chiral symmetry, the Dirac-BgD
equation;

H=
(
−i ddx ∆(x)
∆∗(x) i ddx

)
ψ = Eψ

is invariant under:

∆(x)→ ∆(x) e2iqx ψ(x)→ eiqxγ5ψ(x)

E → E + q

Peierls instability ⇒ q=µ
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Discrete chiral symmetry→ symmetric energy spectrum + Peierls
instability=1 or 2 gaps

Continuous chiral symmetry→ offset in energy spectrum + Peierls
instability=1 gap around µ
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Discrete Chiral Symmetry & Condensed Matter

Inorganic spin Peierls compound CuGeO3 (Boucher, Reynauld,
1996, Hofmann, 2010)
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Discrete Chiral Symmetry & Condensed Matter

Inorganic spin Peierls compound CuGeO3 (Boucher, Reynauld,
1996, Hofmann, 2010)
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Continuous Chiral Symmetry & Chiral Spirals

In heavy ion collisions (GB, Dunne, Kharzeev,2010)
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Chiral Magnetic Spiral

Magnetic catalysis
B

(~p− e ~A)2 → p2
‖ + (~p⊥ − e ~A)2

⇓
Landau levels

Topological charge fluctuations

µR > µL
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Chiral Magnetic Spiral

µR = −µL = µ5

Ψ = (R+, R−, L−, L+)T → R = (R+, R−)T , L = (L+, L−)T

〈ψ†fψf 〉 = µf
π 〈ψ̄fψf − iψ̄f iΓ5ψf 〉 ∼ e2iµf z

J0 = R†R+ L†L J0
5 = R†R−L†L

J1 = R̄R − L̄L J1
5 = R̄R+ L̄ L

J2 = iR̄Γ5R+ iL̄Γ5L J2
5 = iR̄Γ5R− iL̄Γ5L

J3 = R̄ΓzR+ L̄ΓzL J3
5 = R̄ΓzR− L̄ΓzL
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Chiral Magnetic Spiral
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Chiral Magnetic Spiral

µR = −µL = µ5

Ψ = (R+, R−, L−, L+)T → R = (R+, R−)T , L = (L+, L−)T

〈ψ†fψf 〉 = µf
π 〈ψ̄fψf − iψ̄f iΓ5ψf 〉 ∼ e2iµf z

〈J0〉 = 0 〈J0
5 〉 = eB

2π
µ5

π
〈J1〉 ∼ cos(2µ5z) Chiral Magnetic 〈J1

5 〉 ∼ cos(2µ5z)
〈J2〉 ∼ sin(2µ5z) Spiral 〈J2

5 〉 ∼ sin(2µ5z)
〈J3〉 = eB

2π
µ5

π 〈J3
5 〉 = 0
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Quarkyonic Chiral Spiral

In cold, dense QCD,“quarkyonic chiral spiral”
(Hidaka,Kojo,McLerran,Pisarski,2009)
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Ginzburg Landau Expansion

ΨNJL = α0 + α2|∆|2 + α3Im
(
∆∆′∗

)
+ α4(|∆|4 + |∆′|2)

+α5Im
(
(∆′′ − 3|∆|2∆)∆′∗

)
+α6(2|∆|6 + 8|∆|2|∆′|2 + 2Re∆′2∆∗2 + |∆′′|2) + . . .

⇑

cns: Conserved quantities of AKNS hierarchy

ΨGN = α0 + α2 S
2 + α4(S4 + S′2) + α6(2S6 + 10S2 S′ 2 + S′′ 2) + . . .

⇑

c2ns: Conserved quantities of mKdV hierarchy
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)
+α6(2|∆|6 + 8|∆|2|∆′|2 + 2Re∆′2∆∗2 + |∆′′|2) + . . .

⇑

cns: Conserved quantities of AKNS hierarchy

ΨGN = α0 + α2 S
2 + α4(S4 + S′2) + α6(2S6 + 10S2 S′ 2 + S′′ 2) + . . .

⇑

c2ns: Conserved quantities of mKdV hierarchy
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Ginzburg Landau Expansion (GN2)

Ψ = α0 +α2 S
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Ginzburg Landau Expansion (NJL2)

Ψ = α0 + α2|∆|2 + α3Im (∆∆′∗) + α4(|∆|4 + |∆′|2) + . . .
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Outline

Introduction to Gross-Neveu models

Gap equation and inhomogeneous phases

Phase diagrams

Ginzburg-Landau expansion

Connection to string theory
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Nonlinear Dirac Equation

In the Hartree-Fock picture:

ψ̄kψk(x) = f(k)S(x) for each mode

Hψk =
(
−i ddx lψ̄kψk(x)
lψ̄kψk(x) i ddx

)
ψk = Eψk

(i/∂ − lψ̄kψk)ψk = 0 ψk = ψk(x)e−iEt (static solutions)

Nonlinear Dirac equation
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In the Hartree-Fock picture:

< ψ̄ψ(x) >=
∑

k f(k)S(x) = −1/g2S(x)

Hψk =
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−i ddx lψ̄kψk(x)
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Nonlinear Dirac Equation

Time dependent solutions?

(i/∂ − lψ̄kψk)ψk = 0

ψ̄kψk(x, t) = f(k)S(x, t)

Boosted kink (crystal):

S(x)→ S( x−vt√
1−v2

)

Kink-antikink scattering:

S(x, t) = v cosh(2x/
√

1−v2)−cosh(2vt/
√

1−v2)

v cosh(2x/
√

1−v2)+cosh(2vt/
√

1−v2)

Multi kink-antikink scattering
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Nonlinear Dirac Equation

Time dependent solutions

(i/∂ − lψ̄kψk)ψk = 0

Self-consistency: ψ̄kψk(x, t) = f(k)S(x, t)

Gap equation: S(x, t) = δ
δS(x,t)tr ln(i/∂ − S(x, t))

S = eθ/2 ⇒ ∂µ∂
µθ + 4 sinhθ = 0 Sinh-Gordon equation

(Neveu, Papanicolaou,1978 Klotzek, Thies, 2010)
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Nonlinear Dirac Equation

Static 2D solutions of GN3

(i/∂ − lψ̄kψk)ψk = 0

Self-consistency: ψ̄kψk(x, y) = f(k)S(x, y)

Gap equation: S(x, y) = δ
δS(x,y)tr ln(i/∂ − S(x, y))
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A different perspective on

Gross-Neveu gap equation
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Differential Geometry of Surface Embedding

~X(x, t) : Σ ⊂ R1,1 7→ R1,2

evolution of the basis frame:

f+− − f+f− −
1
4
H2f4 = −Q(+)Q(−)

Q
(+)
− =

1
2
f2H+

Q
(−)
+ =

1
2
f2H−

Gauss-Codazzi equations

ds2 = f2(−dt2 + dx2) = f2 dx−dx+

Constant mean curvature (H) ⇔ Sinh-Gordon equation

∂µ∂
µθ + 4 sinh θ = 0 (f2 = eθ)
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Spinor Representation of Surfaces

(Weierstrass, Hopf, Taimanov, Konopelchenko, Bobenko...,
1866-2010)

SO(1,2)∼ SU(1,1)

~X+, ~X−, ~N ⇔ SU(1,1) spinors ψ
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Spinor Representation of Surfaces

”Spinor - Surface Dictionary”

Dirac equation : (i/∂ − S)ψ = 0
induced metric factor : f = ψ̄ψ

mean curvature : S = H (ψ̄ψ)

Hopf differentials :

{
Q(+) = −i(ψ∗1ψ1,+ − ψ∗1,+ψ1)
Q(−) = i(ψ∗2ψ2,− − ψ∗2,−ψ2)

Constant mean curvature ⇔ Nonlinear Dirac equation:

(i/∂ − lψ̄ψ)ψ = 0

+Sinh-Gordon equation: ∂µ∂µθ + 4 sinh θ = 0
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Spinor Representation of Surfaces

GN2 ⇔ String Theory

Self consistent solutions of GN2 that satisfy (i/∂ − lψ̄ψ)ψ = 0

m

Constant mean curvature surfaces in R1,2

m

Minimal surfaces (zero mean curvature) in AdS3

m

Classical string solutions in AdS3

(GB, Dunne, arXiv:1011.3835)
(Klotzek, Thies, arxiv:1006.0324)
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Spinor Representation of Surfaces

Static Solutions in GN2

Curves in R1,2 ( Spinning strings in AdS3 etc... (GKP 2002,...))

⇓

Deformations of the curves ⇔ mKdV hierarchy

⇓

Thermodynamics of GN2
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Spinor Representation of Surfaces

Static Solutions in GN3

Surfaces in R1,2

⇓

Deformations of the surfaces ⇔ Davey-Stewartson,
mNovikov-Veselov hierarchy

⇓

Thermodynamics of GN3 ??
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Conclusions

Analytical solution of the inhomogeneous gap equation
GN2, NJL2

Crystalline phases

Peierls instability + chiral symmetry breaking

Integrable hierarchies ⇔ Ginzburg-Landau expansion

Solutions of NLDE of GN2 ⇔ classical strings in AdS3
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“There is a theory which states that if ever anyone discovers exactly
what the Universe is for and why it is here, it will instantly disappear
and be replaced by something even more bizarre and inexplicable.
There is another theory which states that this has already
happened.”

Douglas Adams
Gökçe Başar Thermodynamics of Gross-Neveu Models


